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SUMMARY

Proceeding from the basic assumptions of the Batho-
Bredt theory on twisting fallure of thin-walled columns, -
the dlscrepancles most frequently encountered are analyzed.
A generalized approximate method is suggested for the de-
termination of the disturbances in the stress condition of

the column, 1induced by the constrained waimleling in one of
tho end sections. warper g

INTRODUCTION

The evaluation of the stresses induced by the appli~
catlon of a twisting moment in a structure conslsting es-
sentlally of thin-walled cylindrical tubing and of arbile
trary stralght sectlion, is generally carrled out wlth the
silmple and easlly applied formulas given in tho well-known
Batho~Bredt approximate theory. )

The basic assumptions of this theory are as follows:®

l, The wall thicknees of the tube 1s thlin enough to
render the varlations 1n unlt stress along the
perpendiculars to the walls negliglbls.

2. The shape of the straight sectlion of the tube 1s
preserved during the strain induced by the ap-
plicatlon of the twisting moment.

3. The soctlions of the tube 1ncluding those at the
*end are 8o restralned as to offer no reslst-
ance to wei¥¥ing: the displacements of points
of the tube in direction of the goneratlng axes
of the cylindrical surface bolang freely per-
mltted.

*"Sulla Torsione di Tubl = Pareti Sottilil Perfettamente In-
cagtratl ad una Estremita." L'Aerotecnica, vol. XVII,
no. 10, Octobeor 1937, pp.. 850~861.
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While the firet two assumptions may be held to be
confirmod wlth sufficient approximatlion in the majority
of practical cases, the third is far from it - at least
ono of tho end sectlons belng Joined to the other much
moro rigid structure or otherwlise restralned in such a way
that its wrinkling 1s not permitted. The constrained
wrinkling 1n one of the end sections of the column obvi-
ously produces stresses in tho dlrection of the genorat-
ing axos of the column, the values of which certainly
cancol 1n the froe-end sectlon.

On structures whose form would introduce consideradlo
wrinklling, such as those with considerably elongated sec-
tiong, the previously clted stresses may assume dangerous
proportions 1n certaln vpoints, eapeclally 1if accompanied
by stresses due to other concomlitant causes (bending, for
example ).

Hence the importance, irn certain cases, attaching to
the evaluation - oven approxinate — of the stresses in-
duced by constralned wrinkling ln one of the end sectlons
of the structure. For convenlonce of treatment, 1t 1lg ad-
mitted that the stress conditions creatod when applylng a
torque on & column with one end perfectly restralned, may
be consldered as the sum of the stress conditlion as de-
flned by the Batho-Bredt theory and a secondary stresgs
condition, which nullify in the restralned sectlion the
wrinkling vertinent to the primary stress conditlon.

The secondary unit stresses at any section of the
column muast have zero resultant and gzero resultant moment.

According to the Batho-Bredt approximate theory, uni-
tary parallel tengentlal stresses oxist in the plane of a
gonoric mectlon of the column, normal to the generators,
in any part of the medlan coantour of the section, and hav—
ing the value:

¥ )

T = ———

2s

where M 1s the applied torque, S the area enclosed by

the mediar contour of the section, and 8 the wall thick-
ness at the point in question,

It should be noted that the section shape has no ef-
fect on the value of T. This, however, does not hold for
the dignlacements of the points of the column 1nduced by
that stress condition,
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From the Batho-Bredt theory, 1t 1s also seen that all
straight sections of .the .column_ wrinkle-equally, and turn,
with tho rotation of a rigid body, in relation to each
othor,

The coordinates of a point of the column wall are?

The digtance 2z <from the plane of one of the end
sections whlch we suppose to be perpendlcular to the gen=
erators of the walls:

The length 8 of the arc of the median contour of
the stralght section to which the point in guestion be-
longs, contained between 1t and any generator assumed as
origin.

To simplify the writing of the formulas, the unit
length ig chosen so that the perimeter of the median con-
tour of the soection of the column 1s equal to 2m.

Let w and t represent the components of tho dise
Placoment of a generic point of tho wall with respect to
2 and wlth respect to the tangent to the median contour
of tho straight section of the column at the polnt under
consideration, visuallzed in the positlion preceding the
application of torque.

Tho relation of genoral character 1s vorified in each
point:

(2)

whore G 1s the modulus of tangentlal elastlolty of the
matorial., Let & %be the angle through which a generic
gsoction has rotated in relation to its initial position
under tho effoet of the Batho-Bredt stress condition; fur-
ther, lot r represent the length of the segment con-
talned botweon a generlc point of the wall and tho point

O about which the stralght scction of the column, to which
the consldered point bolongs, has rotated. Lastly, let o
ropresont tho anglo formed by this segment with the tangent
to’ the wall at the Yoint In questlony- .

From what has alrsady beon sald rogarding tho naturo
of the straln inducod by the stress condlitlon, according
to ‘the Batho-Bredt theory, follows (fig. 1):
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gf =r gin o %% (3)
where
am
®_ _B_ [ (4)
dz—4GSao 8

as the clted theory stipulates.

By establlishling in the plane of the stralght section
of the column a system of orthogonal carteslan axes x;
¥, and z, and assuming as positive dlrectlion on the arc
8, that which brings axis x on axis y, equation (3)
may be wrltten in the form:

r
ot _ 4e - dy - ax

whore a, b are the coordinates of O wlth respect to
the chosen reference.

The coordinates e, b cannot be determined on the
basls of the Batho-Bredt theory, lnasmuch as this, as has
beon shown, prescinds from the shape of the stralght sec-
tion of the column, upon which & and b devend.

The position of point O, about which the section
In fact rotates, devends in roality on the limiting con-
ditions whlch nust comply with the conditlon of straln,

Those requirements of the Batho-Bredt approximate
theory are Iinguffleiont to determine the positlon of O.
For different vosltions of O, +then, we can always Ob-
tain the stress condition defined by that theory. From
among thege, any one may be chosen, imposing on the strailn
conditlion wholly arbvitrary supvlementary condltions which,
however, nust conform to the assumptlions upon which the
above-nentioned theory 1s based. Thereupon also, essen=~
tially are bhased the varlous attempte made by several au-
thora to determine the center of twist of columns in tor-
gslon patterned after the Batho-Bredt method.

Here the supplenentary-conditions which are to satisfy
the principal condition of straln are preserlbed by the
genergcl consideration of the method adopted for the rep=
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.resentation of the total stress condition; a and b, how-
ever, assume values which nullify-~the components of the
resultant bending moment of the secondary stresses actlang
ealong the colunmn gererators which reflect the end section,
twlsted under the effect of the Batho-Bredt stress condl
tion, in the plane in whiech 1t is restralned. ’

Substituting the exzpression supplied by equation (3a)
in oquation (2), we havd:

dw 1 . 48 b)) & | (pon) WY
ds - 6 @ az [(yb) s - (x78) da] (5)

T
whore %% is givon in functlon of the Known quantity sup-

plied by oguation (1), equation (4), and by the_comforma-
tion of tho stralght section of the column ag de and

d.
E%' aad from the coordinates a, b of the stlll unknown

polnt O.

Let us considor the roctnngular flat plate of thlck-
nepss &, now asgumcd -to bo constant, obtalnod dy cutting
the colunn wall along a generating axis nand developed in
plaro.

If tho mass forces and the extcrnal pressures acting
on the plenes bounding the plate are everywhere zero, the
unlt stresses get up in the nlate by any systen of forces,
acting in its median plane and however applied along 1ts
edges, nay be expressed in the following form (reference 1):

&L (8,8) =;§i§£§*ilw

Er(a.z) [ (6)

os®

L F(a.z)
oe 0%

055 (Bl 2)

™ (8,8)

4

A

6: . o; are the normal stresses in directlon of axes s

and =, and T* 1is the tangontial stress (axes =, 8
being disposed parallel to the edzes of the plate of length
2w and 1, respectively, and corresponding to the develw
opment of .the modian contour of one of the end sections of
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the column and to the sectlon separated along the generat-
ing axis 8 = 0).

If the condition 1s imposed which must bde: -

%, (0,53 = 0°5 (2m,5))
o'y (0,2) = 0y (2m,5)} (7)
™ (0,8) = T (2m,3)

y

where % is*any value o{ z betwien O and U, the
functions o4 (8,%), 04 (8,%), T (s,E) can be expanded
in Fourler serles.

*
We cen, for example, expvress O, (8,Z) in the form

U; (8,2) = Z, 4, (Z) sin ne + B, (E) cos ns (8)

where the values of the -coefficlents 4y (E) end 3Bp (Z)
depend on the value %. Then the whole plate can be ex-
pressed ag:

o'z (8,2) =Zp Ay (z) sin ns + By (z) cos ns (9)
with Ap, Bp as functlons of g.

Tho last expression twlcc intcgratod wlith respeoct to
s gilvos:

F(e,z) = sd(z) + V¥ (=) + Za (- 2? sin neg - —Eg‘ cos ns)

(10)
® ond V¥ Dboth being functions of =z only.

Subetituting this lnst expression in tho first and
third of equation (6), wo obtain:

] BT
U: - ad" sy s Z, (- éﬁg ein ns - —ih cos ns>\L

(11)
Al B!

. cog ng + —B— gin ns)

n n

™ =0' + I, (-
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The function 0%;(0,%) must bo poriodic with respoct o

8, whatevor the value of ¥, whenge eguation (11) af-
T féfde: T T )

® (2) =H g + K (12)
wvhere H and k are constants.

Funetlion F(s,z) obviously satlsfles (Maxwollls)
difforontial oquation:

4 4 L%
3 F,.8 F, 8 X .o (13)
3 o* o=z 982 Jgz®

obtalnable from the consideration of thoe equilibrium of an
element ds dz of the plate.

Substituting the vslues derived from equation (10) in
this last equation affords:

v
wlv(z) * Zp [(EAn" - é;;n - n® An) gin ns +

Iv
+ (aBn" - E_EB -~ nb Bn) cos na] =0 (14)
n

this equatlon, belng satisflied for eny value of h, should
heve at the same time for any value of n (whole) and =:

5.3 S I

Iv

AtV < on® v+t Ay =0 : (15)

BIvn ~ 2n% By" 4+ n* By = 0

The general integrals of this differential equation
are:

v
A
Bn

M 33 +N g2 +P g+ Q

(e + Bpz) cosk nz + (f, + Ny =) sinh ns (16)

(P, + Xy2) cosh nz + (Y, + w, z) einh nx
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whero the quantities M, ¥, P, Q, ay, By, tn, My, @ Xpo»
Yh, w, &aro conptanta and depond upon the limlting condition
which must satisfy the stress and straln condlition of the
plate.

Such conditions are:

O'; (e,0) =0
for z =0 (17)
™ (8,0) = 0
» ,1/ =
t* (1) =0 for z=1} (18)
w* (8,1) = - W(I) J

w(s) %being dofinocd by oquation (5), except that one con-
stant vhich 1o unimportant need not be determinod.

From tho first conditlon of equation (17) by virtue
of (9) and (16) follows:

ay = 0
mn-—'o

(19)

and from tho socond, while koeoplng in mind the second of
equntions (11), (12), (16), and (9):

-\

B =0
- - E
bn = a ¢ (20)
) x
Y, = "
y
From the genoral relation:
ot 1 ( Oy
— - = - —= 21
5 "% \% - 3 (21)

(B = Young?!s modulus, % = Poigson's ratio) and from tho

firet condition of oquatlion (18) oevaluated as before from
the oxpressions 0% and 0% suppliod by equation (9)

and from the first of oquation (11), we obtain, while al-
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lowing for (16), (9) and (20):

- : 'n--—. =" s-u 1 v - -.-
Bp = By My (22)
Xp = BRp Wy

Hence,

(23)

'24 10+ 17 tanhnl
n m

. tenh n 1 - 2+ 1
mn. n

a quantity easlly determined.

Deducing equation (2) with respect to e, and then
substituting the second complex derivative of + wsupplled
by means of the derivation relative to =& of equatlon (21).
the formule assumes the general character of

_a“: 1 37T _12080, 1 30 (2¢)
o8 G ds R 3z Em 9%

Substituting in this last relation the values obtalned
for gz =1, deriving the ratio of g (equation 9), the
firet part of equation (11), and the second part of equa-
tion (11) with respect to s, and utilizing the conditions
imposed by the second of equation (18) the coefficilents
N,, W, - and consequently, with equations (20) and (22) -

‘the values of the coefficients PBp, Xp, fn, and Yn can de
determined.

Carrying out the operetions indicated above and de-—
veloping equation (5) in Fourier series, putting

dw(s).

e - Zp, (Bp' + pp™ & + B''d) sin n 8 +

(vp' + Vy" a + Vy''' b) cos m 8 (25)

we find:
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M =0
! n 1 p
Ny =2 Pal*Paet vyl D) (26)
“n
x. == Cont+ pp" a + ppt't b)
n = Tn

1 (R 3m + 3 5m+3)
Tn = F [ n v =t o sinh n 1 +

+ (EE—E—E 1 + EEE) cosh n 1] (27)

It 1s readily seen that the stress condition in the
flat plate thus defined differs very little from the gsec~
ondary stress condlition in the column,

The
they aro
ative to

Yow
cal wall

denotling

limiting conditions manifestly coincide, so that
esslgned to the state of stress of the plate relw-
the stress condition of the column.

conslder a distance (or length) of the cylindri-
of thé column of depth dz and length s,; ¢ (s)

the angle of the tangent to the median contour of

the stralght sectlon of the column at any point of the arc
congldered and the normal to it at the origin of this are,
the expression of tho equilibrium of dlsplacement accord-
ing to this last direction of the path of tho previously

defined cylindrical wall, and assumedly constant thlckness

8:

: . Ro
oy & cos €(s,) dz = GL/P 97" o8 €(s) ds dz  (28)

oz
o

If, in this relation for oy and T* the vnlues given

in equation (8) for the flot vlate are substituted, we
wlll have after dividing both torms by ds:

J8F Rr

8 =——— cos €{s,) = &
dz2 ° E) oS 9z

8
f’o

cos e(s) ds (29)
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which, in reality, is 1dontical with

— - - o= [ [ S

8 3]
2 : 3 8
CIRY —— GRS e 9 F de
3 5-;3-.005 €(a)—ﬁf é—s—a—z-r coa € ds 6/‘ 35% as sin € ds
° (20)

However, having disregarded in cquation (29) the term

: 8, "
' 8
9—; EE sln ¢ des = E- pin € ds (31)
d¢z p(e)
o

whero p(s) 1s the radius of curvature of tho cylindrical
wall, tho approximation of equaetion (29) is so much great—
er as the mean value of the ratio 8/p 1is less.

In vractice this ratlo 1s generally quite small, hence
the error committed by substlituting for the secondary
strecss condltion produced in the column wall as the result
of rostraoined wrinkling in one of the end sections, the
corrosnonding stress condition of the flat plate, 1s prace
tically negliglble.

The etress condition of the column 1s given through
equations (9), (11), (16), (19), (20), (22), (23), (26
and (27) in function of the known quantity and of the
gt11ll unknown coordinates a, d» of O.

The last values can be determined by eveluating the
condltion wirlech stipulates that the resultant bending mo-

ment of U; actlng on the restrailned section must be szero.

Taking into consideration the relations (9), (16),
(19), (20), (22), and (26), this condition can be expressed
in the form?
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af
u/ﬂ x I, ¥V, (1) [(un' + ﬁn“ a + Rp''' D) cos.na - )
° - (Vp! + " a + vy''"' b) siln ng) ds
o > (32)
L/P ¥y I, v, (1) [Ign' + Bp" a + py''' b) cos ns -
° - (Vp' + va" a + vy''' b) sin ne] ds
where
1 coshnl + (1 ~20) ginh n 1
v, (1,)=B11 coet ® ( n>sn - (33)

Tp

From equation (32) we can now deduce the values a, b
of the coordingtes of O, and so determine the secondary
condltion of stress of the column.

Sumning up, having obtailned the values a, b from
equation (32), and posting

u.n.l + un" a +-_unln b
By = T

n
(34)

[ 4 1 1me
o Vo' + V" &+ vy b
T

n

the final expressions of the stresses exlisting in the col-
umn can be written as follows:
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.- .
Og =0g = X = [Rn £ coah ng + (z - ——) sinh nz]coa ng +

—_— - -~ — -~ - -

+

[Rn Z cosh nz + (z - En) sinkh nz] 8in ns

Q
a
1

= Xy = Vp [(E + Rp z) cosh ng +
(gﬂ ; z) sinh nz] sin na + un[:(f + Bn 5) cosh nz+

(G + 5) ston ns] cos ne.

+

+

T m & gt o I, v h +
= 555 = EEE - n n Z ¢cos8 nz

+ (?n 5 + %)sinh nz] cos ns + Wp rz cosh nz +
L
£ (Rn z + %) ginh nz] gin ne (35)

where the quantities w,, vy, and B are given in equa-
tions (34) and (23).

So far, the thickness & has been assumecd constant
but Py woy of approximation the obtalned findlngs may be
axtended to ineclude the case of variable &.

Equatioas (6) and (13), which are the basls of the
treatment, can be derived from the relations expressing
the equilibrium of displacement according to s and tb
2 of a plete element § ds dz, by substitution for the
clenentary stresses acting on each surface § ds, & dxz
of the elomont in question, the corresponding resultants, -
and that 1e legltimnte 1f the lattor lle in the median
plano of tho plate. It 1ls equlvalent to considering og,
Gz. 1" ‘a8 stresses applied to any linear element of the

surface.

However, if 8 <varles so that the resultant of the
stresses actlng on each element &8 ds, 8§ dz always lles
in the medlan nlane of the plate, and 1f the effect of the
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unit stresses acting perpendicularly to the latter can al~
ways be kept negligible, the equations for the equilibrium
of displacement of plate element ds, 42 may still be
written in the same form as for the plate of constant
thicknesa, and equations (6) and (13€ can be made to retain
thoir valid;fy 1'it 'be!.n.g“'r of coursc, understood 1n that
caso that oy, 0, and T aro stresses acting on olomont

8§ ds and 8§ dz, respectilvely.
EXAMPLE

Consider a cylindrical tube having a straight section
ag in flgure 2; the unit length is chosen so that the perim-
eter of the sectlion 1s 2n. The wall thickness § 1s con-
stant. The length of the tube is 1 = 16.

In the nlane of the section a system of orthogonal car-
teslan axes 1s established whorein axis x 418 the tangent
to the iiedlan contour of the sectlon in one of the points
where 1t intersects the axls of symmetry, axis y being
coincldont with it (fig. 2).

For evidont reasons of symmetry in points symmetrical
wlth respect to y, the displacomonts and socondary stross—
es assuno opposlto values. It sufflces thorefore to ana-
lyzo only the bohavior of onc-half of the section; for ox-
anple, that for which x = 0.

Introducing in oquations (1) and (4), the values rela-
tive to the present example, we have:

T

L}
o
L]
=
©
n
1o
(o)

]
M

G 8

a8
dg

0.23395

The sectlon being symmetrical, 1t must be that a =0
g% supplied by equation (5), may be written:

aw _ dwmy b dwg

d; ds ds

dw, dwg
The aprended table I lists the values of s ds

elong with those of the coordinates x, y of the medlan
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contour and of %E %% relative to the particular half of

the ..saction, in function-of 8. .

In order to guickly determine the values of the coef=-
ficlents un', B, WM, VL, V", V'™, the method of

Runge and Emde (cz. @. Gassinis, Galcoli nunmericl grafleci
neccanlcl. Cap. XIV) ig applied.’

Dernotlng with §', S#",; D!, D" +the sums and the dif-
dwy dva
ds ' ds
wlth recpect to y, we have:

ferences of the values of in points symmetrical

1 s 1 3

g ' = §hsh' cos n sy 8 B! = %h Dh'! sin n sy

1 -y 1 b :

= v, "t = %h S," cos n sy 5 p,n'" = %h Dp' sin n 8y
Dyt = D, = 0 for any h by reasons of symnetry, and

since, &8 s2en, a = 0, we have?

Dn" = unl - "Ln“ = uni,l = O
for ony value of n.

The execution of the calculation gilves:

v, ! %f = + 0.00233..... v, %% = + 0.00088...4.
v,' -%!i = + 0,1711ll..... v," % = -« 0.27625...04
v, %f = + 0,07340.....  vg"" %5 = = 0,00878..04as
v, %ﬁ = - 0.02252..... v,'" %f = + 0.05433.....
vy %f = = 0.03663..... -uq"'_ié = + 0.00993.....
v, %? = - 0.01159.....  vg'" %f = = 0,01453.....
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'De' %6' = + 0-00564--n.- u°|l' G-_I‘a' = + 0-00089.....
D?‘ 'G"gg = + 0.00803..--- .D—,'.l Gf' = + 0.00230---..
va' %f = + 0.00349..... vg''' %f = - 0.00292.....

The values of the quantitles R,, Tp, and V, are de-

termined by means of equations (23), (27), and (33), put~
tilng n = 3.3 which, together with the flrsgt part of

equation (32) give:
P = 0.62031

Next, by means of equation (35), we obtain the fol-
lowing values of the stresses Oy, T for the restrained

section ( = 16): (See tabdle II.)
Vo wigh to thank Profesesor E. Plstolesl for the usoful
advice hc has glven during the worklng-up of this report.

Translation by J. Vaniler,
Natlional Advisory Cormittee
for Aeronautics.
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) 4 8 2 3 4 8
z ..... 0 +0.39270 [+0.78540 |+1.13563 [41.26376 |+1.08812 |+0. 75864 [+0.38929| 0
g .....l0 0 0 +.15205 | +.51173 | +.85038|+1.06376 H+1.19522 | +1.23980
dx ... |4+1.00000 |+1.00000 [+1.00000 | +.69284¢ | -.06743 | -.77384| ~.89776| ~.97411|-1.00000
STZ‘-' ..l o 0 0 +.73055 | +.99783 | +.63192| +.44046| +.22608] 0
28_1%5_ +.19296 | +.19296] +.19296| +.02215 | -.11013| -.12186| ~.10e62| -.10001] -.09709 "

TABLE II
e |o T | m 3n | @ sn | am [ om |

g a g 2 B 2 B
Tz % 0 -0.01402 |-0.03087 |-C.02781 |+0.00801 |+0.02577] 40.02347 |[+0.01403 | ©
a*é_ | -0.00e03 | ~.00729 | -.00264 | +.00625 | +.01254| +.00245] -.00264| ~.00825 | -.00765'

»
T‘ 4 o’ ap) e %

These are the maximum values verified on the column; stresses o’} and T disappear
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Flgure 1.
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Area = 2,5912
Figure 2.
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